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1. Introduction

Most of our limited knowledge of string theory is contained in prescriptions for computing
scattering amplitudes for various on-shell physical external states. The two main approaches to
the construction of scattering amplitudes are the path-integral approach pioneered by Polyakov [1]
and the operator approach [2]. Amongst the plethora of constructions, Di Vecchia et al. [3] (in
an operator formalism) and Petersen et al. [4] (in a path-integral formalism} have developed an
approach based on the notion of sewing together three-string vertices into tree or loop amplitudes
for arbitrary numbers of external string states. This is the so-called covariant leop calculus. What
is interesting about their approach is that it appears, at first sight, to offer an extension from
on-shell to off-shell string amplitudes. The off-shell extension introduces a projective invariance
associated with each external leg.

When the external states are put on-shell, the factors in the amplitude associated with the
projective {reedom formally reduce to unity, and the amplitudes become formally identical to those
obtained in the standard Polyakov approach. The equivalence is straightforward at the one-loop
level, and presumably holds at higher loops as well [3].

This equivalence is not necessarily a good thing, however., The problem is that Polyakov
amplitudes are in general ill-defined [6,7,8,9]. In corners of punctured moduli space where loops are
isolated on external legs, the amplitudes receive contributions which contain an on-shell propagator.
For massless-vector external states, the numerator also vanishes (because of gauge invariance), and
so these contributions to the amplitudes contain a ‘0/0’, which is to say, they are ill-defined,
This difficulty shows up in all bosonic string theories, and in all superstring or heterotic-string
theories with at least one broken space-tirne supersymmetry. (Massive external states require a
regularization and renormalization scheme, such as that discussed by Weinberg [10].)

Even off-shell, as we shall see, the formalisms of refs. [3,4] in general yield expressions containing
improper non-localities; the on-shell limit, when taken carefully, reveals not only a failure to resolve
the ambiguity in the Polyakov amplitudes, but an ‘essential singularity’ in the momenturn invariants
to boot. It comes as no surprise that the low-energy limits of these would-be off-shell string
amplitudes are not off-shell amplitudes of a gauge field theory, but are pathological as well.

As we shall show, it is possible to cure this difficulty, and thereby resolve the ambiguity in on-
shell Polyakov amplitudes in a fashion known to be consistent with gauge invariance and unitarity,
by making special choices of the projective transformations associated with the external legs in
the covariant loop calculus. This choice yields a set of off-shell amplitudes which are sensible,

consistent, and (as it turns cut) modular-invariant.

In an ordinary field theory different choices of gauge or field variables will yield different sets
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of renormalization constants. In the string case we are dealing with sets of amplitudes which are
not derived from an underlying string field theory, so care must be taken to ensure that the various
amplitudes yield a consistent set of renormalization constants; our choice does. This is, loosely
speaking, equivalent to requiring all loop amplitudes to be defined using the same field variables.
The algebraic structure of these amplitudes is similar enough to that of Polyakov amplitudes (after
resolving the ambiguity in the latter) that one can readily adapt the calculation of renormalization
constants {6,7,8,9] to the off-shell case. The off-shell amplitudes we will present can therefore be

regarded as the amplitudes that would emerge from a consistent string field theory.

In this paper, we will demonstrate explicitly that our choice of the projective transformations in
the covariant loop calculus amplitudes resolves the momentum/pole ambiguities for the two-, three-,
and four-point one-loop amplitudes with massless external states. We also present an argument
valid for arbitrary numbers of external legs. The choices of projective transformations fall into a
simple pattern which allows for a generalization to all M-loop, N-massless vector amplitudes. A
key underlying principle for our scheme is off-shell modular invariance which, though not required

by unitarity as is the corresponding on-shell invariance, is nonetheless natural for a closed string.

Although alternative operator formalisms exist for constructing string loop amplitudes (11],
it appears that without the significant modifications necessary to exhibit the projective invariance
maunifestly, they would not admit similar prescriptions. For string field theories, the requirement
is more stringent: candidate theories must resolve the on-shell ambiguities, and resolve them in
a fashion consistent with gauge invariance, or else they are simply wrong. (Although we will not
discuss open-string amplitudes, similar ambiguities appear in that case, and procedures similar to

ours may be used to resolve them. Open-string field theories must likewise resolve them.)

The present work grew out of the calculation of renormalization constants in the string-based
approach to perturbative QCD [7,9]. It is possible, using a prescription due to Minahan [6], which
violates momentum conservation in favor of preserving modular invariance, to resolve the ambi-
guities entirely within the framework of on-shell amplitudes; and one can demonstrate that this
procedure gives the correct answer {9]. An off-shell formalism such as that presented in this paper
is thus not necessary for practical calculations. But the Minahan procedure is nonetheless rather

mysterious, and the off-shell constructions in this paper can explain why it works.

In the next section, we present the one-loop amplitudes obtained from the covariant loop cal-
culus (3,4], emphasizing their projective and super-projective invariances. In section 3, we review
the ambiguity in Polyakov amplitudes that arises in the regions of punctured moduli space where
loops are isolated on external legs, while in section 4, we examine the related difficulties in the

amplitudes of the covariant loop calculus. In section 5, we present a choice of projective trans-
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formations which resolve these difficulties. In section 6, we show how this choice works in the
three-point amplitude, while the corresponding resolution in the four-point amplitude is discussed
in section 7. In section 8, we present a general argument for the N-point amplitude. This choice
yields a consistent set of renormalization constants, as we demonstrate in section 9 by calculating
the two-point function. In section 10, we present a more general set of choices for the projective
transformations that also resolve the ambiguities and non-localities. Appendices I and II contain
summaries of the covariant loop calculus for bosonic and super- strings, respectively. In appendix
II we give a brief review of the fermionic formulation of four-dimensional heterotic strings, while
in appendix IV the reader will find our conventions for the closed string used in the body of the
paper.

2. One-loop Amplitudes in the Covariant Loop Calculus

We will consider amplitudes in heterotic string theories using the fermionic formulation [12)
(see Appendix III for a brief review). Taking the standard one-loop Polyakov amplitude, and adding
the terms dictated by the covariant loop caleulus (see Appendices I and IT), the N-point massless

vector amplitude in a four-dimensional heterotic string becomes
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The integrations over the Grassmann parameters 6;; automatically select the terms muiti-linear in
the polarization vectors. The parameters 8;3 also play the role of supercodrdinates for the right-
mover superstring (see Appendix II). The modular parameter, 7, is integrated over the fundamental
modular region of the torus, while the Koba-Nielsen variables »; run over the torus specified by r.
The vectors & and  specify the boundary conditions of the world sheet fermions on the torus with
ap representing the boundary conditions of the world sheet fermions carrying space-time indices.
Polchinski [13] and Sakai and Tanii [14] have calculated the over-all normalization. The inverse
string tension is A = xa’, and our conventions for closed string Green functions on the torus are
given in Appendix IV. (These conventions are designed to minimize the number of 7s shuffled
around in explicit calculations.) All calculations in the body of this paper are in Minkowski space
with metric {(+ — — —). Convergence is provided where necessary by rotation to Euclidean space.

For sectors containing Ramond zero-modes there are technical complications which alter the
form of the amplitude (2.1). However, these sectors contribute only to parity-violating amplitudes,
which are not relevant to any of our discussions.

The Vis embody the projective invariance inherent in the amplitude, and they play a central
role in our constructions. The projective transformation functions for the bosonic left-movers are

aiz 4+ b;_

Vi(z) =
'(z) c;z 4+ d;

aid; — bie; =1 (2.2)
while for the superstring right-movers the superprojective transformations [15] are

ViZ) = (V22,7 (2) (2.3)

where Z = (Z,6) is a point in superspace and

73 =22 K : +6 (j‘;" = ;),
' * < ' ' a; —,' - E;E; =1 (2.4)
7 () 2458 1+ 3%
: &iZ +d; &z +d;

The covariant loop calculus construction requires the projective transformations to satisfy
Vi(0) = et (25)
while the superprojective transformations are required to satisfy
V:(0,0) = (e73%%, —iy/“2rie~""7i0y4) (2.6)

As discussed in Appendix II the factor +/=2mie """ associated with &;3 arises from the Jacobian

of the transformation from the z; to the usual torus variables 7; = — InZ; /271, while the factor of
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i arises from differences in the conventions for the Grassmann variables. In addition, there is an
overail complex conjugation for the right-movers of the closed string. These constraints leave us
with two complex and one Grassmannian degrees of freedom. At this stage, it would appear that
we can choose these at will without affecting the on-shell limit, £ = 0 and k;-¢; = 0. As we shall
see later, that is not correct.

For the expressions appearing in the amplitude (2.1), these various constraints give us

= d.'l-_2 (2.7

z2=0

a8 7=0,§=0 (2‘8)
=d; ' — i/ 2mie "g,35,/2
and 1F
v _ -
_%iﬂ“ = d,l'(‘?" + iv —2xie Vi Eioia) (2'9)
(DV; (0))?

We will eventually wish to choose these constants so as to make the amplitude (2.1) well-
defined. First, however, we must establish the need to do so; that is the topic of the next two

sections.

3. Ambiguity in Polyakov Amplitudes

In this section, we review the ambiguity that arises in Polyakov amplitudes [6,9]. This ambi-
guity occurs for amplitudes with any number of external massless vectors, but is explained most
easily in the three-vector amplitude. Putting the external momenta on shell in equation (2.1}, the
£y - €7 Te(T*1 T**T™) term in the Polyakov three-point amplitude is

. 4g3 d&r
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(3.1)
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where ag and Bg are the boundary conditions on the torus of world sheet fermions associated
with the gauge group of interest and v;; = v; — vj. If the theory has unbroken space-time super-
symunetries, the terms involving only bosonic Green functions vanish after summing over sectors
because the partition function vanishes; in nonsupersymmetric theories, all terms are relevant, We
can integrate by parts to remove the double derivative of the bosonic Green function, which gives
(with an appropriate analytic continuation in the momentum invariants there are no boundary

contributions from the contours around each of the other vs)

—tA 493 Tr(TalTu,Tu!)El .52/ L/dzlﬁdzb’g (Imf)zcé‘z "':1: (T)
1673 £ (Im7)? [ —~ 5|5
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Bt
e o) e 32 cvmae G2
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This term in the amplitude is proportional to the momentum invariant ki k;, which vanishes on-
shell; it might thus appear that this contribution vanishes more strongly than the usual kinematic
vanishing of the three-point amplitude. That is not right, however, because there are regions
of punctured moduli space which produce poles in the momentum invariants, thereby yielding
contributions te the 4 function [6,7].

Such apparent pole contributions' arise only in the regions of punctured moduli space where
Koba-Nielsen variables are pinched together. Using the short distance behavior of the Green func-

tions,
](v) = Elr_v +0(7) (3.3)

ar
Bt

the poles in the k; - k; channel arise from integrating over the v;j in the region v; ~ v;. The only

(.;B(F) = —ﬁ;_; +O(F) Gp[

contributions are from integrals of the form

e e 2x?
[ nglamsme 2 (3.4
i Ky

! In fact, because of the additional momentum factors in the numerator which cancel the pole, these apparent
poles do not give rise to poles in the physical S-matrix; they are fake.
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For example, to extract the &, - k3 pole from the ¢, - ¢; terms we perform the integral around

viz = 0 so that the relevant terms in the amplitude (3.2) reduce to

4g3 5
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X '(—2}—);11’12|—M"k’/'_3 (-'53 sk kg ks +e3-kg k- ka)
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(3.5)

Collecting all the terms which contribute and using momentum conservation to replace kg - €3

= —tegy - g3 Tr (T T92T™)

with —ky - €3, we find that the kinematic factor associated with the €; - &5 term is

kg -kay+ ky ks
1-€2ky -3 k- Es

1 1
+(k1'k:+k:'k3+k1'k3)(kl_ka +k;-k3)) (3.6)

which is ill-defined on shell, since both numerators and denominators vanish.
This difficulty persists for all N-point amplitudes; in the region of punctured moduli space
where the loop is isolated on an external leg, the amplitude is ill-defined. In the case that the

isolated leg is the last one, the denominator is

Y kiki=ky/2=0 | (3.7)

ICIEN

while the numerator vanishes because of gauge invariance. (This configuration of Koba-Nielsen
variables would correspond to a mass renormalization of the massless vector if the numerator did
not vanish.)

Within the context of the Polyakov path integral Minahan [6] has proposed a prescription for
dealing with this ambiguity. The prescription relaxes momentum conservation in such a way so
that modular invariance is maintained. All external momenta and their sum p =Y., k; are required

to be null vectors, so that

Zk k; =0 and B =0 (3.8)



In addition, p- ¢ is set to zero. Factorizing a four-point amplitude legitimates the use of this
prescription for the three-point amplitude [9]; the kinematic invariant of equation (3.6) becomes
simply

—£y ~eqky 3 {3.9)

4. Inconsistencies in the Covariant Loop Calculus

The ambiguity in Polyakov amplitudes displayed in the previous section has a painful echeo in
the covariant loop calculus, as we shall show in this section. In particular, for a general choice of the
projective transformations V;, the on-shell limit is ambiguous; and different N -point functions are
not calculated consistently. In particular, if we look at the low-energy limit, the values of the various
renormalization constants depend explicitly on the parameters of the projective transformations so
that the 3 function, for example, is not well-defined!. In following sections, we shall see how the
echo can be silenced by a suitable choice of the parameters in the projective transformations.

To simplify the discussion, in this section we shall retain only the terms relevant to a four-
dimensional bosonic string. It is straightforward to include the additional superstring terms as given
in the general amplitude (2.1); their inclusion does not eliminate any of the problems displayed
in this section. In the covariant loop calculus, the three-vector amplitude for a four-dimensional
closed bosonic string is (see Appendix I)

. 4¢° d? sl
== | o5 [ ot tmn Sopzl 3]

s i‘ﬂ (4.1)
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where the right-mover contribution is

v

R(1,2,3) ={—ei ‘€3 G‘B(Fu)(e; < ks (ie"h’_"-’fad_a + %) +e3-kyGp(Tra) +e3- k,G‘B(rzn))
+ cyc].ic]
- )\(-51 ky (ie"'w' &udy + %) + ey kyGp(Tu) + 1 - kgdg(mg))
X (—e; v kg (z'e""'?’fzgz + %) —&3-k1Gp(T1a) + e3 - kads(izs))

x (—53 - ky (ie_”{mﬁ(f: + %) — €3> kléB(FIS) — €3+ kzda(ﬁza))
{4.2)

t An analogous problem would arise in feld theory if one attempted to calculate different N-point functions
in different gauges; the J function computed from, say, Zy and Z4 would not agree with that computed
from Z4 and Z,. In addition, physical Green functions would come out wrong, because the wavefunction
rencrmalisation would have been caleulated in a different gauge from the N.point Green function.
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while the left-mover contribution is

a
L(1,2,3) = TI(T"‘T“’TQ’)GF[QG](—VM)GF[GG}(-VM)GF[ G]("m)
Ba Be Be (4.3)
ag [+ Pl Qg
Tr(T*r T2 TG - G 133)G I: ]
v ) F[ﬁc]( “12) FL’GJ( 13)Gr Be (v12)
Let us now make a simple choice of the parameters, d; = e "™, d; = ™, and & =

—e?™¥i /2d;, and repeat the calculation of section 3. The details are quite similar, except that

now the momenta are off-shell. Once again, after an integration by parts, the e -£5 Tr(Te:Ta2Ts)

term is
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This expression does not vanish since the k; - k; # 0. Extracting the k; - k; pole from the »; ~ 1y

region, we find the ratio of momenta

—e3 - kvky - k3 +e3-kaky - ky
ky - ks

£1 - €7 (4.5)

The other terms yield similar results. Combining terms using momentum conservation, we arrive
at an answer identical to equation (3.6), dropping terms proportional to kj - £5:

kg ky+ ky-ky
ky - ka

1 1
51'52151'53( +(k1-kz+k2'ka+k1'k3)( + )) (4.6)

kl'ka k:-kg

The ratio of momenta in the coefficient of €, - £3 k; - €3 is now quite well-defined; neither
denominator nor numerator vanishes for general off-shell momenta. Unfortunately, the appearance
of a non-trivial ratio of momenta is a disaster; it signals that the on-shell limit is an essential
singularity of the theory. To see this explicitly, let us take the on-shell limit in two different ways.
In both cases, take k3 - €3 = 0. First, let k3 = 0, while k; and k; are still arbitrary; the kinematic

invariant of equation (4.6) then becomes

—k3
E]'£3k1'53(k1.23 +(k1'k3“k§)(m‘3"—.§2—.k;)) =0 (4.7)
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For the second limit, take k} = k3 = k3 = 5. In the latter case, equation {4.6) becomes

ceakyes( AL 3 2 ) o
et (g - i) = 49

so that the on-shell limit is undefined. Like the case of on-shell Polyakov amplitudes discussed
in the previous section, the difficulties here are not restricted to the three-point function; if we
consider the contribution to the N-point function coming from a loop isolated on the N-th leg, we
will find a momentum ratio

Sicn ki kn 2k3,

Zi(.‘i(N ki ki B k?v - 25<N k§

(4.9)

This ratio also depends on the way the on-shell limit is taken.

It is clear that this disease cannot be cured by adding in contributions from regions of punctured
moduli space where N — 1 legs do not come together. In the three-point amplitude, these yield
unambiguously vanishing contributions to the coefficient of €, - €3 k1 - €3 in the on-shell limit, and
thus cannot make the ill-defined ratio of momenta well-defined. For higher-point functions, the
contributions of these other regions do not vanish identically, but are well-defined on-shell, and so

cannot resolve the problem.

Another way of expressing the problem is to look at the limit of infinite string tension, where
we expect to recover the loop amplitudes of a gauge theory which is the low energy effective field

theory. Instead, we find amplitudes with pathological non-localities yielding an ill-defined S-matrix.

It is not enough to find a prescription that simply resolves the ratio of momenta to a pure
number, however. We must ensure that resolution in different N-point functions is consistent. The
problem is that different choices of the projective transformations yield different values for the
renormalization constants. But the string theory has only one coupling constant, and there is only
one kind of external fleld whose wavefunction renormalization enters into the amplitudes we are
considering. Thus once we have calculated the values of two renormalization constants, say those of
the physical three- and four-point amplitudes, we can determine the renormalization constants of
all other physical amplitudes, in particular that of the two-point amplitude — the massless vector
wavefunction renormalization. What happens if we look at the two-point amplitude itself? After

an integration by parts to eliminate the (g terms, the bosonic terms in the two-point amplitude
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The value of the wavefunction renormalization is simply the coefficient of £, -¢5. This coeficient may
be adjusted at will by choosing different projective transformations without modifying the other
‘bare’ N-point functions, thereby changing physical §-matrix elements, and spoiling the consistency
of the results, (Tﬂe B function provides an additional consistency check, as it should match known
results for gauge-theory 3-functions in the infinite-tension limit.)

Thus without making a special choice of the parameters of the projective invariances associated

" toeachexternal leg in the candidate in the amplitude (2.1), the on-shell limit is ill-defined. Are there

choices which make the on-shell limit well-defined, and yield consistent renormalization constants?

There are; and in the following sections, we show how to make such choices.

5. Fixing the Projective Invariance

We seek a choice of the parameters of the projective transformations that will make the on-
shell limit well-defined and gauge invariant, with consistent renormalization of different N -point
amplitudes. Within the context of the string theory, we must also require the integrand to be well
defined on the torus. It would also be nice to have world-sheet supersymmetry survive, so that
spurious F] formalism states manifestly decouple off-sheil as well as on-shell.

One such set of choices for the super projective transformation parameters satisfying the desired

conditions is given by

Idll — evrlm U.'ERGB(V.'—V.'-q-l)f? (5.10)
ez‘l’s’;.‘ .
& = 1—=—(Gp(¥ - ¥ir1) +1/2) (5.1%)
¥i = —v/ —-2wiet™i GF[ST](Fi — Zir110iv1,3/d; (5.1¢)
T

where vy = v1. The somewhat complicated appearance of this choice is an artifact of the use of

the torus variables v; = In z;/274; as we shall see, it leads to a simple modification of the standard
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Polyakov amplitude. We will explicitly demonstrate the suitability of this choice for the two-,
three-, and four-point amplitudes. While this choice appears to attach significance to the labelling
of the »’s, as we shall see in section 10, it is merely a simple example out of a family of choices that
treat the Koba-Nielsen variables of the other external legs symmetrically.

With this choice of superprojective parameters the off-shell factors in the N massless-vector

amplitude (2.1) are
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so that the N massless-vector scattering amplitude is
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/F (_IET)"-/ [1 d61 db:z d8:5 a8:, / H v |y c3 3 (7)
1 i=1 &8
Hexp [AK"J- Gg(vi - b'j) - 9{3953)-1(,‘,‘ GF[ZT](?.' - V) .
i< !
- ,'191‘25 Gpliam‘ ](V" - Vj) - 9{3 351 §™i m(:; [am' }(Vg - Uj) (5'4)
ﬁﬂ,’ ﬂﬂ.

+ i\/X(G.-aej..Ej‘- + 8;49j3E,'j) Gpl:;:}(ﬁ" - ’fl‘j)

- i\/X(G;gG“E.-j — j39j4Ej;)GB(F; - TJ'J')

+ 8i404e; - € Gp[g:](ﬁ,- — U;) + 0:30:48;3854¢; - £; G p(T: — 7;) ]
where (i < j)

6 "k?/2+ki'k'v iEN
K.-,-:{ +1,5K i (5.5)

Scak3/2+ k- kj, i=N
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Eii=¢;: (5,'+1.jk,' + k_,;) (5.6)

Since neither Ky nor Ey; appear in the amplitude (5.4), we may define these to vanish. This

off-shell amplitude is the same as the standard Polyakov one with the insertion of the factor

N k? k? C!T
Hexp A?‘ GB(U;_ - U,'+1) - 9,‘30“4.1,3/\'-2!* GF|: }(-17, — F“+1)
=1

Bt
(5.7)
+ iV A0u4bis1 0k - € GF[ET](W — Tig1) = iV20iabicks - £ G p(Ti — Biga)
)
in the integrand. The K; and E;; satisfy the important momentum conservation properties

N

S Ki=0 (5.8)
i<j
N

2 E;;=0 (5.9)

J=1,3#

These are the basic properties which, as we shall show explicitly, resolve the on-shell ambiguity in
the ratios of momenta. The first of these conditions is reminiscent of Minahan’s condition (3.8).

Our choice also maintains the world sheet supersymmetry necessary for the decoupling of the
spurious Fy formalism states. This decoupling results from a cancellation between bosonic and
fermionic Green functions. Since our choice consistently replaces &; - k; with K ij and ¢; - k; with
E;; throughout the amplitude, the decoupling of the spurious states is not affected. As a simple
example of this decoupling consider the region where all Koba-Nielsen variables are close so that
the loop is isolated on a tadpole. In this case, the leading singuiarity is due to the spurious Fj-
formalism tachyon (16]. However, using the short distance behavior of the Green functions (3.3)
and the correspondence of bosonic and fermionic Green functions (after integration by parts), the
coefficient of this singularity vanishes manifestly and the spurious tachyon decouples.

What is more striking is that the amplitude (5.4) is also modular invariant. This follows
from the modular transformation properties of the bosonic and fermionic Green functions given in
Appendix IV. The invariance under 7 — 7 + 1 is straightforward, and the Grassman integrations
make the invariance of the factors involving fermionic Green functions and derivatives of the bosonic
Green functions under T — —1/7 easy to demonstrate as well. This leaves us with the question
of the invariance of the exponential of the bosonic Green functions; with our choice the potential
violation appears as a factor []; |r| /27 [licjl7[*** /% which is unity because of momentum
conservation. Without the additional off-shell factors of equation (5.7) the amplitude would not,

of course, be off-shell modular invariant.
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On-shell, modular invariance is necessary for unitarity. Off-shell, it is nice, because it makes
the restriction of the 7 integral in equation (5.4) to the fundamental region a natural, rather than
an ad hoc, prescription. It is also natural, since it is an off-shell extension of an on-shell symmetry.
{We stress that unlike Giddings, Martinec, and Witten {17], or Kaku and Lykken {18], we do not
mean ‘off-shell modular invariance’ merely in the sense of covering the modular region properly,
or of regaining modular invariance in the on-shell limit; we mean honest-to-goodness modular
invariance of off-shell amplitudes.) While we shall not prove any stronger statements, we suspect
that its significance is much deeper, that modular invariance off-shell is necessary for the existence
of a well-defined on-shell limit. This suggests that a consistent string field theory must maintain

modular invariance off-shell as well as on-shell.

8. Resolution of the Inconsistency in the Three-point Amplitude

Let us first see how our choice of projective transformations resolves the unwanted ratio of
momenta in the three-point amplitude. After performing the Grassman integrations, and then

integrating by parts, the amplitude (5.4) becomes

.. 4¢3 d*r . o1
Az = “Alﬁiz /;'1 T 7] /szuldz,,,(lmr)%cgz [g-] (1) o)

X R(l, 2,3)L(1,2, 3) exp (AK]_;GB(VH) + /\KggGB(Vgg) + AK13GB(U13))

where
R(1,2,3) = [51 - €2G p(¥12) (Enés(ﬁls)(fﬁaés(ﬂz) - K:sds(Fna))
+ Eazéﬂ(ﬁn)(i’fués(?u) + Klaéﬂ(i;ls)))

— €1 -£2Ky3 (GB(an)E33 + C;"B(?xa)En)GF[;:](Fu)z

~ €163 (EnKn - E'a:Ku) GF[;: ](Flz)GF[;:](Fla)GF[;:](Fzs) + CYCUC}
- (Euéﬂ(?"u) + Enéa(ﬁu)) (EZJG.'B(I’-H) - Enéa(ﬁu))

X (—E31G3(313) - Es:GB(Fm))

(6.2)

+ (ElzEi‘lGF[;:}(VH):(EMG.B(I_’IS) + E:*.:G'.B(st)) + CJ’CHC)

at

Bt

ar

+ (EuEmEn - ElaEnEa:)GF[ B

](Flz)GF[ J(Fm)GF[aT}(Fm)

Bt

and L(1,2,3) is the same as in equation {4.3).
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After using the momentum conservation conditions (5.8) and {5.9), R simplifies to
R(1,2,3) = [51 €3 B33 K3 (GB(VU)(—G'B(FM)GB(FM) + G p(P1a)Ga(v13)

e

+ Ga(F)Ca(en)) + G| 5 [T 5T Gra)|
+(Gp(71s) — G'B(Fm))GF[;;}(Fn)’) + cyclic]

+ Euau | (Ga(oin) = Gam) (G + Go (7)) (€8(715) ~ Ga(ma)
+ (GF[;:](FH):(GB(WJ) ~ Gp(7a)) + eyelic)

S e e
(6.3)

As discussed in section 4, the problems in the amplitude occur in the regions where the loop
is isolated on an external leg. There are three such regions corresponding to the three pinchings
of the Koba-Nielsen variables. The (e - k)* terms do not contribute in these regions because the
coefficients of such potential contributions vanish. This is as expected, since otherwise the massless-
vector amplitude would be divergent in the on-shell limit. After extracting the various pole terms,
one finds

As =

ilﬁiﬂ [T, T*])(ey - £3 £3 - kg + cyclic)

o Imr)zfdzv(lmr)zca {:] (7) e K2+ Ki3)Gr{v) (6.4)

x(c‘:’am—cp[ﬂ;}(v)’) e[ 5o ]wige 5] -

so that the on-shell ambiguity has disappeared. The reader will recognize this as an equivalent of
the usual Yang-Mills three-point vertex multiplied by a loop factor.

7. Resolution of the Inconsistency in the Four-Point Amplitude

We shall now show explicitly how our choice of parameters (5.1a-5.1c) resolves the ambiguities
in the four-point amplitude. We shall focus on one particular term, but the behavior is similar for
all terms in the amplitude (indeed, the infinite-tension limit is once again identical to a calculation
performed elsewhere [9]). The analysis of the four-point amplitude is a nontrivial demonstration
of the consistency of our choice of projective transformations, since log(A) terms from pinches of
different Koba-Nielsen variables must combine to form an object that on shell is gauge-invariant

and proportional to the tree amplitude.
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As our example we choose the €1 - €3 €3 - ¢4 Tr(T*1T®1T%:T4) term given by

Ar 234 dir 2 dx|@ : . g
T =T ten) ff e o7 [ 0 o g 2. %52 [EJ (™) “"(A 2 KisGalvs)

&8 i<j
X [GB(FH)GB(Vu) (K12K34GB(712)¢B(734) + K13 K14G p(734)G5(F14)
~ K13 K03Gg(712)Gp(Tas) — K K3Ga(714)Ca(7as) + K34K13GB(713)GB(734)

~ K13 K13Gp(713)Ga(712) + KlsfquB(Fu)C.r'B(Vu))

- K:uG'B(Fu)GF’;;-(Fu)? (K1:¢B(Fu) + K14Gp(P14) + Kl:lG-B(F‘lS))
. o . ] . (1.1)
- K13Gp(71)Gr ﬁl (712)* (K:MGB(F:H) - K23G g(vas) — KlsGB(Fm))
. - T-

+GF[ZI:|(EH)GFTZI;(F34) (Kl:ff:uGF[;:](Fu)GF[;:}(F:M)
- KlsKnGF[;:](FLJ)GF[;:](FN)
+ KuffzaGF[;:](Vu)GF[g:](an) )]

X Gr[;g](—vu)GF[;z]('-Vza)GF[gz](-Vaq)GF[Z:](Vu)

where the momentum factors K;; are defined in equation (5.8) and we have integrated by parts so
as to eliminate G g terms.

Let us examine the massless-vector pole that arises when the loop is isolated on the last leg.
(Higher-mass states do not contribute, since they will not yield an on-shell propagator.) To extract

this pole, it is convenient to change codrdinates to

v =y
=13 (7.2)
w=uw3/n

The 7 coordinate is then the size of a (small) disk on the torus which contains vy, 3, and vi, while
v gives the location of this disk, and w the relative locations of v, and vy within the disk.

The pole arises from the n ~ 0 region, from terms which have a factor of |g|-3-*Kii/* Terms
with mismatched powers of # and 7 will be killed by the integration over the phase of 7, while

terms with a higher negative power of || correspond to the would-be propagation of the fictitious

17



tachyon and will cancel by virtue of world-sheet supersymmetry. In the 7 — 0 limit, the Green

functions behave as follows,

(Fie) — Gp[g;](v) + O(7)

|
[@s) = Laeq) + om)
]

—
|

) — %G‘p‘»“(l — @)+ o)

1 tree /- 1
](?'"u) - %GF (@) + O(7) (1.3)
Gp(Tu) ~ Ga(7) + OF)
Ga(v13) — %Giﬁ"(l) + O(7)

. 1.
Gp(Fa3) — ;T:Gg"(l - @} + O(7)

GB(Flg) — ;;—:Gg“(ﬁ) + O(ﬁ)

with analogous formulz for the left-movers.

Looking at the region where n = 0, and extracting only terms with appropriate powers of |7/,
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one finds that equation (7.1) becomes

A? 23g8 ‘
=— d? —1-MKj+Kn+Kn)/=
<[ i [ [ o T egz[S]men (T xusa)
7 ()’ T a8 g i<4

X €xp (AK]_:G‘BI" (w) + AI(;;Gg"(l — w))

By
+ K34 ch';gu(a)ggee(l))

x [(c‘:s(vr—c 5N (Kakn (657 @) - o5 @)

(7.4)
+Ga(P) (- KuKnGEe(@)EE(1 - o) + KuKuGg™(@)G5(1))

+Gr [,@ ]( ) (K1eK2G¥  (@)GE" (1 - @) ~ Kis K2 G¥ (@)G"(1))
.

- AK1:Gp(7)? (K’-’*Gg“(l -@) + ch;‘};“(l))
X (K1 + (1~ @)K3,) (G""("')2 - G‘,,E“(a)’) ]

x G (0B (~(L - w))Gr 30 (-6 3¢ 1)

The term with the additional explicit power of X arises from the expansion in 77 of the exponentiated
bosonic Green functions.

Putting in the explicit form of the tree-level Green functions, we find

2
71 :A— 29* /dznl"”“:_A(K12+K23+K13)/T

4 (16x3)277

x/ (h‘::f) Imrfd’vZC“Z[ ](T)exp()\ZK4GB(V))

i< (7.5)

X (GF[;:](FF - G"B(F)!) [ ]( v)GF[ﬁG ](u)
X (K14 K33T1 (K12, K33) — K13 (Kas + Kau) Ti( K3, Ka3))
where
Ti(s,t) = -2-% /d’w w|=3Re/m] |32

I,(.s,t) - Er? /d’w |ui“=_h/’r!1 - w‘—xtﬁr(l - w)_l
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Evaluating the integrals gives

1 1
i(st) = - (n + XZ) J(s,1) -
Ta(s,t) = 'A_ls J(s,t)
where
I(s,t) = (1 — As/2m)T(1 — At/27)T(1 + A(s + £)/27) (7.8)

T T(1+ As/2m)T(1 + At/27)T(1 — A(s + t)/27)
Evaluating the 7 integral and substituting these expressions for the Z; reduces equation (7.5)

to

i<t

¢ =4(fg;,) A (If::), Imr_/rd’ugcgz[g.} (r) exp (AZK“GB(V))

< (orfay o - Gat) orf gz merf 32 &
J(K 3, K23) (

1 1 1
X Ku K —+—) — Ky3(K34 + K —)
Kyz2 + K13 + Ka3 1R ( 3 13 (K ) K1,

Using the condition (5.8) we can eliminate K4 and rewrite the ratio of momentum invariants,

1 1 1 1
KiaKa | — + —-) ~ Ky (K + K —-)
K3+ K13+ Koy ( R (Ku K3 13 (Ko + K4) K3

1 Kay + Ky2 + K3 K1:+K13+K23)
= K + K 7.10
Kz + K13+ K3 ( M Ky 1 Ky (7.10)
= Ky + K2
K,

The last expression has a well-defined on-shell limit.

As noted at the beginning of this section, the calculation in the low-energy limit is identical
to one performed using the Minahan prescription, and the improper non-localities disappear in all
terms, in a manner consistent with their resolution in the three-point case. We will not present the
details here.

One may also calculate renormalization constants using the results of the previous and current
sections. Such a computation is essentially identical to one done with Polyakov amplitudes and
Minahan'’s ‘off-sheet’ prescription, so we shall not repeat it. The results of the latter computations
[8] show that the combination of the three- and four-point renormalization constants determine that
the wavefunction renormalization of massless vectors vanishes at one loop. One may also extract
a B-function from these renormalization constants. In the infinite tension limit, it turns out to be

identical to the 8-function derived directly from the appropriate limiting gauge field theory, as of

course it must for consistency of the results.
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8. Resolution of the Inconsistency in the N-Point Amplitude

In this section, we give a general argument that our choice of superprojective parameters (5.1a~-
5.1c) resolves the improper non-localities in all N-point massless-vector amplitudes. The basic idea
is that integration by parts can extract the appropriate momentum factors for bosonic terms, while
world-sheet supersymmetry extends the resolution to fermionic terms. Integration by parts simply
adds total derivatives to the integrand, and does not change the full amplitude. It is sufficient to
demonstrate the resolution of the improper non-localities for a particular choice of additional total
derivative terms.

In the one-loop N massless-vector amplitude (2.1) we have fixed the last Koba-Nielsen variable
to a particular value. Thus, we cannot integrate by parts with respect to it, something that would
be convenient to do for the purposes of this section. This is easy to solve: simply fix a different
Koba-Nijelsen variable, or integrate over all variables but divide by the volume of the torus (Imr).

Let us consider the region of moduli space where the loop is isolated on the N-th leg. To

extract the massless-vector pole, it is convenient to make the following change of variables,

v=wniN
N = 13 (8.1)
Wizyi,i+l/77 i=3,4,...,N-1

We will take 1y to be the fixed Koba-Nielsen variable. Once again, n is the size of a disk on the
torus, near ¥, which contains the points v,...,vy.1, while v is the relative location of the the
N-th vertex operator, and w; are the relative locations of the points within the disk.

Under this change of variables the measure becomes

N N-1
/ T dw: = / dtvdtn [] dws InftH-S (8.2)
1=3 i=3

In the region 5~ 0 only contributions of the form

N

[enm= I s = - (8:3)
i<j<N Licien Kis

will yield a massless-vector pole on the last leg. Just as in the case of the four-point amplitude, terms

with other powers of n and 7 will either die or fail to contribute poles. It is thus a simple matter

of expanding the integrand in the region 7 ~ 0, and counting powers of # and % in order to find

the potential pole contributions; the right-mover Green functions (not including the exponentiated

ones) must contribute 2— N powers of 7 while the left-mover Green functions must contribute 2- N

powers of 77. This means that the right-movers must have either one Gg(F;n), or two Gp(F;n},
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or two GF[STT ){(7jn), since otherwise the remaining bosonic or fermionic Green functions (G g(7;;),
Gp[g: [(7i;), or ég(ﬁij) where 7, j # N) would contribute the wrong number of powers of 771,

Let us concentrate on those terms where vy appears only in the argument to bosonic Green
functions. Here it is convenient to examine the amplitude (5.4) before integrating by parts. Each
term is of course linear in y; let us consider in turn those terms where this polarization vector
is dotted into another polarization vector, and those terms where it is dotted into a momentum
vector.

The first of these two sub-types has the form
€ EN éB(F,-N) X {other factors) (8.4)

As discussed above, if the other factors contain ¥x dependence then this term will not lead to a
massless-vector pole on the external leg, and there will be no on-shell ambiguity. But this makes
it easy to integra.té by parts with respect to Fy. Integrating by parts turns the G into a G g, and
brings down a factor from the exponentiated Green functions. The right-mover term (8.4} then

becomes
N-1

-£; - enGp(F;n) Z KinGp(7in) x (other factors) (8.5)

=1

In the limit n — 0, the bosonic Green functions simplify:
Ga(#in) — Ga(7) + O(7) (8.6)

Doing the n integral thus gives us the pole contribution,

T K

Ll | (8.7)
N
Licicn Kij
where we have used the momentum conservation condition (5.8).
For the second sub-type, where ¢ is contracted into one of the &; the form of the amplitude
is
N-1 )
Z En;iGp(Vin) x ( other factors) (8.8)

=i
In this case the pole piece is
N-1 E
=i LNj

=1

et i oL (8.9)
Sicien Kij

which vanishes using equation (5.9).
Therefore, the ambiguity disappears from terms which contain bosonic Green functions of 7y

(but arbitrary mixtures of fermionic and bosenic Green functions of the other variables). What
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about fermionic Green functions of 7x? Here we may appeal to world sheet supersymmetry, whick
guarantees that the bosonic and fermionic contributions to poles of spurious F-formalism states
cancel. There is, after all, one more pinch that we can perform: we can bring v close to all the other
vs. This potentially leads to poles in the new throat variable 7’ representing the contribution of
the spurious F)-formalism tachyon. World-sheet supersymmetry, which is preserved by our choice
{5.1a-6.1c), assures us that we can add total derivatives to the amplitude so that the offending

terms have the form
G'Ee(n')? (G}_;“(ﬁ‘)’ — G‘P',"(ﬁ’)’) x other factors (8.10)

so that the spurious state disappears explicitly. For this cancellation to occur consistently in all
terms in the amplitude the kinematic structure of the terms containing fermionic Green functions
of vy must be identical to the terms with bosonic Green functions of vx. In particular, any on-shell
ambiguities must have disappeared from the terms with fermionic Green functions, leaving behind
the same constants as in the bosonic case. We have seen this fermionic-bosonic matching explicitly
in the form of the three- and four-point amplitudes after integration by parts, shown respectively
in equations (6.1) and (7.1).

The form of the amplitude is similar at higher loops, and thus the choices analogous to equa-
tions {5.1a~-5.1c) will resolve ambiguities there in a similar fashion.

9. Consistency in the Two-Point Amplitude

In the two-point Polyakov amplitude, there is only one momentum invariant; and in any event,
no pinch is needed to isolate the loop on an external leg, since it is already there. So in this case
there will be no on-shell momentum/pole ambiguity.

Nonetheless, there is a consistency requirement. As discussed in sections 5 and 7, the wave-
function renormalization extracted from the two-point amplitude must match that deduced from
the combination of the three- and four-point amplitudes; that is, it must vanish. As we shall show,
this requirement, along with the requirement that the spurious Fi-formalism tachyon decouple off-
shell, fixes the parameters of the projective transformations to be of the form given by equations
(5.1a-5.1c).

How do we adjust the parameters of the projective transformations so the wavefunction renor-
malization vanishes? For the two-point function the number of possibile choices for the 8;7 de-
pendence of the %; is quite small. It is not sensible to have the % depend on the #;4 since these

are parameters which were introduced by hand to select the terms multi-linear in the polarization
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vectors. It is also not difficult to show that the only possible choice which can yield a vanishing
wavefunction renormalization is §; « #;3 and ¥; x 6:3.

Taking ¥, = §1623 and ¥3 = gz613, where the g; are arbitrary c-number parameters, and
substituting into the general covariant loop calculus amplitude (2.1) yields the two-point amplitude
(see also Appendix IT)

A= 3t ap et [ 2 (Hdﬂesd&«) [anann Y ezt
1 i=1 5,5

x ic—r[mv‘dlllkf/fie—tlmvzdzl.kkgl'f exp(/\h . kﬂGB(Vu))

ar

[51 - €3 (C;'B(Vw) + GF[ﬁT](Fu)
ar
B
— Aer - kyeg - kg (G'E(Fu) + (i&,d e~ & i/z)) (G‘B(Fn) + (iGsdge =" 4 .'/2))

X ()Jcl . kng[ ](Fu) — idkIV=2xie "™ d, gy /47 + idkd Y “21!'1:8—";1&-1@2/4‘!'))

—Aey - kieg kg (GF[‘;:}(FU) + %3@1) (GF[ZI](F“) + %Jzﬁz)}

a

« Gp[ﬂz] (~412)Gr [gz] (m1) (9.1)

The wavefunction renormalization is entirely determined by the coefficient of the €, - £; term,
while the renormalization of the “gauge-fixing parameter” depends also on the longitudinal terms.
The former coefficient must vanish no matter what the string model, and so the fermionic and
bosonic contributions must vanish independently.

Since two of ky - k3, kI, and &3 are independent, requiring the fermionic contributions to vanish

tells us that
o= —meiﬁfcp[‘;:](vn)/a , 0 = VTG 5 (Gl (02
while requiring the bosonic contributions to vanish tells us that the bosonic integrand,
|[e==1mm g, |‘”"’/"'|e—'['““’d,j'“‘g/”exp(/\kl - k1G p(v1a ))C:‘B(Fu) (9.3)

must be a total derivative in ¥} or ¥;. This can happen only if the factors other than G 5(712) com-
bine to yield a constant; taking the logarithm of these factors and using momentum conservation,

we have the equation
Ak} 7 logle ™™ ¥1dy| + Ak} /wlogie ™™ ¥2dy| + Ak, - k3G p(1y3) = constant (9.4)
which has the solution
dy| = constant x e ™"t exp(r G g(¥13)/2), |dz] = constant x e™ ™" exp(7G g(r12)/2) (9.5)

24



The constant factors merely result in factors of (constant)"'-‘: in front of the amplitude; they are
irrelevant and we shall drop them.

The astute reader will have noticed that this does not quite make the bosonic terms a total
derivative. The problem is that there is a ‘surface term’ because the derivative of the G F[;: l(v)
with respect to ¥ is not zero but is rather a delta function, as the Green function has a simple pole
at » = 0. Having fished this out, however, we note that it is a rode sild: it is a contact term of
the Green-Seiberg type (19]. In the superstring case, these terms are an artifact of the spurious Fy
formalism tachyon and can be eliminated by an appropriate analytic continuation in momenta. For
a bosonic string the tachyon is physical, but again an analytic continuation eliminates the contact
terms. To make the analytic continuation, integrate by parts to eliminate the Gp before fixing
the choice (9.5); with an appropriate choice of external momenta there are no surface terms. At
the end, when the choice (9.5) is substituted the £, - £; term in the amplitude vanishes identically.
This technicality does not arise in higher-point functions, since there the momentumn invariants are
in general non-vanishing off-shell, and the leading uncancelled contribution from the left-movers is
not ¥~ but rather p—1—2K:ii /2%,

While we are disposing of technicalities, we may also note that the region where the two
~ Koba-Nielsen variables come together, yielding a dilaton tadpole, gives no real difficulties. In a
superstring model with any space-time supersymmetries (or an Atkin-Lehner symmetry (20]), this
tadpole vanishes identically.

It is amusing that with the choice (9.2), the fermionic Green function contributions to the
longitudinal terms vanish automatically. Imposing the condition that the spurious tachyon of the
F; formalism drops out of the longitudinal parts of the amplitude means that we must also choose

e27iT

dy

e11n":7:

dy

(Gp(¥3) + i/2) G =i (Gp(Pa) +1/2) (9.6)

6 =1

which also makes the contributions from the bosonic Green functions vanish in the longitudinal
terms. (A different choice of the &; will not alter the wavefunction renormalization but will lead to
a nonvanishing renormalization of the longitudinal pieces.)

The choice of superprojective transformation parameters (9.5-9.6) is exactly that given by
equations (5.1a-5.1¢), which as shown in previous sections also resolves the inconsistencies in the

three- and four-point amplitudes.

10. A Bundle of Projective Transformations

As we saw in sections 6-8, the momentum conservation conditions (5.8) and (5.9) sufficed to

resolve the on-shell ambiguity in any amplitude of the form given by equation (5.4), where the
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Green functions are the same as those appearing in the standard Polyakov amplitude, but their
coefficients are a bit different.
For the case of the bosonic string, a more general set of choices of the projective transformation

parameters that preserves the momentum conservation conditions is given by

N
& = me™m ¥ exp(x 3 aiyGa(7)2) (10.)
i<k
~ ‘eﬂ'n'ﬁ.' o . 1
& =1 . (Z b;jGB(U"j) -+ 5) (10.2)

i=1

where the 7; are arbitrary constants, and the coefficients ai x and b;; satisfy

N
dal=1, al; =0 (10.3)
i<k
and
N
Z bij=1, bii =10 (10.4)
J

In this case, the momentum invariants are

N
K.'j =k, - k,‘ + Zaﬁjk,’/z (10.5)

i=1
E"j = £;- kj + b.‘jE.‘ - k. (10.6)

which do indeed satisfy the fundamental conditions (5.8) and (5.9). The &;, which determine the
form of the longitudinal ¢; - k; terms, must be associated with Green functions of the form G 8(Zis);
otherwise these terms could not be combined with the nonvanishing on-shell terms to form the E;;.
For the k} pieces there is no analogous restriction and the |d;| can depend on all Gp(¥;x).

In the superstring case, the requirement that the ¢, - k; terms combine with the ¢, - k; to form
the E;; forces the ¥; to depend only on the G p[;:](i?;j). The requirement that the spuricus Fy
formalism states decouple off-shell demands a cancellation between bosonic and fermionic terms that

in turn relates the |d;| and &; to the ¥; Here, a more general set of super-projective transformation

parameters is

N
il = me™ =¥ exp(r 3" aisGn(vis)/2) (10.7)
j=1
_ ‘ezi’fﬁq N . .
c;i=1 7 (Zl a.,-,'GB(F,-j) + 1/2) (10.8)
J:

26



iwD; d
Fi = —y/ =271 ed‘- Zﬂ(_fGF[Z:](Fij)gﬁ (10.9)

=1

where the coefficients a;; satisfy

Yag=1, ai =0 (10.10)

(The requirement of cancellation of the spurious F) formalism states is responsible for the ap-
pearance of the a;; in all three paramters.) Such a choice of superprojective parameters yields an

amplitude of the form given in equation (5.4) but with
Kij = ki kj+ aijk] /2 + ajikd /2 (10.11)

and

E“J‘ =€ kj + ai;gq - k; (10.12)

which also satisfy the fundamental conditions (5.8) and (5.9). We do not know if these choices are
the most general ones possible, but the calculation of the two-point amplitude in section 9 suggests
they may well be,

From amongst the choices described in this section, the crossing symmetric one (all a;; equal)
is the one that would likely emerge from a consistent covariant closed string field theory.

What about higher loops? We conjecture that the prescription is the same as at one loop,
namely, taking the standard Polyakov amplitude and replacing k, - k; with K;; and ¢; - k; with E;j,
where the K;; and E;; are chosen from the sets described in this section. This yields the higher loop
analogs of equation (5.4). It is worth noting that at tree level, this prescription yields amplitudes

invariant under the same projective transformations that leave the on-shell amplitudes invariant.

11. Conclusions

In this paper, we have presented an off-shell string scattering amplitude for massless-vector
external states. This amplitude may be viewed as a special case of the general amplitude in the
covariant loop calculus, but unlike the latter, our amplitude possesses a well-defined on-shell limit.
Likewise, it gives a well-defined meaning to the Polyakov amplitude in those regions of punctured
moduli space where the latter is ill-defined.

Our off-shell amplitude gives a consistent set of renormalization constants for amplitudes with
different numbers of external legs. This requirement may seem trivial to a field theorist, but as

we have seen, it is in fact quite non-trivial for amplitudes in a first-quantized formalism. As a
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further consistency check, the infinite-tension limit yields the correet S-function for the limiting
field theory. We have shown explicitly the resolution of the ambiguities and the consistency of the
renormalization constants in the two-, three-, and four-point amplitudes; and we have given an
argument for the resolution of the ambiguities for all N-point amplitudes.

While we have considered only massless-vector external states in this paper, we expect similar
ambiguities and similar resolutions for any gauge particle, such as the graviton. It may also be
possible to extend the ideas presented here to the massive states of the string,

The consistency requirements satisfied by the off-shell amplitudes presented in this paper must
also be satisfied by amplitudes arising out of any string field theory: the latter must resolve the
on-shell ambiguities of Polyakov amplitudes in a manner consistent with gauge invariance. For
‘string field’ formalisms not directly based on an underlying string-field action, the consistency
requirement on renormalization constants is also a non-trivial constraint. The unexpected fact that
our amplitudes are fully modular-invariant off-shell may give an important clue to the structure
of a consistent string field theory. Moreover, it may be possible to construct a string field action
from the off-shell amplitudes considered in this work,

We would like to thank P. Di Vecchia, J. L. Petersen, and H. B. Nielsen for many helpful
discussions. Additionally, Z.B. thanks S. Blau and M. Clements for discussions. Z.B. and D.A.K.
would like to thank the Niels Bohr Institute and Z.B. would also like to thank Fermilab for their
hospitality. This work was supported in part by the Danish Natural Science Research Council and
in part by the US Department of Energy.
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Appendix I. Bosonic String Covariant Loop Calculus.

In this appendix we briefly review the bosonic string covariant loop calculus and present the
open bosonic string massiess-vector amplitudes with emphasis on their projective invariance.

One of the key observations of this paper is that the projective invariance inherent in the
N-string vertex can be used to make off-shell amplitudes well defined. The projective invariance of
the amplitudes was well-known in the early days of string theory [21]. Among the variety of choices
that have appeared in the literature, the Lovelace choice {which has the advantage of manifest
cyclic symmetry of the vertex and is defined in terms of only the Koba-Nielsen variables) is the
preferred choice in the operator approach of Di Vecchia et al. {3].

In the path integral approach of Petersen et al. [4], the projective transformations arise nat-
urally from the sewing process and are left as a manifest invariance of the amplitudes; there is
no need to sbecify the detailed form of the V;’s. In this approach the three-vertices are used as
basic building blocks which are sewn together to form the amplitudes. One sews by integrating the
physical and ghost fields living on the punctured Riemann surface in question; boundary conditions
at a given puncture are given by ‘boundary’ fields that are singular at that puncture and contain
information about the external string state corresponding to the puncture. These ‘boundary’ fields
are then written as ‘standard’ fields, singular at z = 0, acted on by some projective transformation
Vi{z) that moves the singularity from z = 0 to the real puncture at z = z. That is, the V; must
satisfy the condition (2.5). This does not totally fix V; (which has 3 degrees of freedom).

For our purposes it is important to choose the V;’s to depend on the Teichmuller parameters. In
the path integral approach of ref. (4] the vertex is always constructed for fixed but arbitrary values
of the moduli; dependence on moduli which arise in future sewings is no problem. Equivalently,
it is a simple matter to re-arrange the sewing process so that all the loops are first sewn from the
fundamental three-vertices into “tadpbles”. Then the various three-vertices and tadpoles are sewn
together to form the N-point amplitude. This re-ordering corresponds simply to rearranging the
order of the path integrals. Once a three-vertex is sewn into a tadpole the modular parameter is a
well defined quantity which can then enter into the V;'s.

In the operator form of the covariant loop calculus, each asymptotic string state in an /N-string
scattering is represented by its own distinct Fock space. The N -string g-loop vertex is then simply

a vector (V| in the direct product space, with the property that the matrix element
N
(Vivol @) 12:) (L1)
i=1
is the amplitude for scattering of the NV string states |#;).
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After eliminating the ghost degrees of freedom (and ignoring the Chan-Paton factors), the

N-string vertex can be written in the compact form (3, 22]
(Vival = [ (ValL (L2)

where (Vi o| is the N-string tree-vertex. The latter may be written as

(VN,GI = /ﬁ (dz.-e(;;’(;)z,-ﬂ)) dvl ﬁ-( z =10, Ual

abe i=1

i<jinm=0

exp {z S Zeorapin(vice) - Vi(w)

;f‘,—} (L3)

N o= :
1 /5L, %n gn
exp [5 Z Z 20'."1{'..--;‘-!-6J In V}(z)

t=1 n=0¢

where L is the loop-correction factor

N o i
L= ][ exp {% 3 Z—?a;a;w(%(z),‘?(y))

ii=1 nm=0

m!

_] | ”

z=y=0

The ai’s are the oscillator operators of the i-th string Hilbert space, normalized in the standard

fashion

[(an)t an] = ~nbpm , nym>0; ah = V2ak;, n=0. (L5)

In the general case the function N(z,y) is quite complicated [3], but for ¢ = 1 a considerable
simplification occurs. If we use overall projective invariance to choose the fixed points of the

Schottky generator as 5 = oo and { = 0, we may write

N(Zvy):].nl:n (z"qny)(y“an)] + 1 (hlf)i

o #w(l—gn)? 2lng \ "y
=Gp(zy) —lajz - y|

(L6)

where ¢ = €3™7, We may also choose z, = 7, 2 = ¢ in dVgy., thereby obtaining the integration

measure for the Teichmiller parameter

day dg z. [ -2« 4/3 2= iy
w s () Ho-ore an

n=1

where we still have the freedom to fix one of the Koba-Nielsen variables to be Z.
The one-loop amplitude with external massless vectors is obtained by saturating the /V-string

vertex (I.2) with N massless-vector states. Introducing Grassmann parameters which select those
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terms that are muliti-linear in the polarization vectors, the amplitude can be written as (up to

normalization)
d/2
c -2
M= /Hde.zde.lfd‘,’;z H(l —d+a (—m:)
N 4]
o' k? V (0)
11 U dsi 0z = zi42) (V/(0))™H exp (V200 iaks- )
Hexp (a"k,- . k,-ég(z.—, zj) + 051 6;3v2a'k; - e,-a,,. G’B(z,-,zj)
#E5

1 -
+ 59.-19.'39,-;19;'25.' < £38,,8., Gz, 25))
(L8)

where we have used N(z,z) = 9,N(z,z) = 0.

Converting to the annulus variables v; = In z;/27{ and + = lng/27¢ the amplitude is

N ]
1 —1xiT xinyy— S Y
M= /Hdﬂ;;d&-l/drae 1 ]:[(l—e2 Il o 2o e
=1 n=1
N
P i3 } . Vi(0)
d : Iwiv; VAT k; 10. {1 k,' g 2miv; i _
L[/ e exp(Vamsane csin( g )]
Hexp(a'k,- . kjég(v.'j) - 8102v2a'k; - GJ'G'B(V;J')
i#j
1 =
- 59519513;;19;'28" . EjGB(Vij))
where
- - 1
GB(V"J') = GB(Z;,ZJ') — -2-111(2,‘2:,;) (1.10)

and ég(u) = 8,Gp(v).
From the abave expression we may, for example, easily calculate the two-gluon amplitude
My = /d‘l’/dl’; e-ImiT H(l _ ezﬁnr)—d-l-? (_ir)—d,/? (e-]ﬂ'n.-lVlf(o))a'kf(e—ﬂriwvzt(o))a'kg
n=i
exp(Za'kl . kzéﬁ(lﬂg)) (51 . EgéB(Vu) - 2&’51 . kl £y " kg (ég(llu)

X (éB(Vu) — ixed™n (—-VV%(;)),— + i:r) (éB(un) - iwaz'i”’%;g;))—i + iw))
(L.11)

where we have used momentum conservation and v is fixed.
The essential difference between the bosonic left-movers of the heterotic models used in the
text and the standard d = 26 open bosonic string discussed here is that some coordinates are

internal and have been fermionized. (In addition, there are the usual closed string modifications of
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the zero-mode contributions to the Green functions.) These internal coordinates are not relevant
to the extension of Polyakov amplitudes to off-shell quantities since off-shellness is a property of
the external momenta. Thus, the off-shell amplitudes for the left-movers of a four-dimensional
heterotic string may be determined using the vertex (I.2) for external oscillators and the usual

on-shell results for the internal oscillators.

Appendix II. Superstring Covariant Loop Calculus

It is the superstring covariant loop caleulus that is more relevant to this paper, since the
right-movers of the heterotic string considered in the text may as usual be considered as an open
superstring (except for minor differences in the bosonic zero-mode contributions), and it is amongst
the right-movers that all the interesting action happens. Fortunately, for those sectors where there
are no technical difficulties arising from fermionic zero modes, the formalism is similar to the bosonic
string case.

After eliminating the ghost degrees of freedom, the N-superstring vertex in the Neveu-Schwarz

sector can be expressed in the compact form (3,4]

Visl = [ V(Violl (1)

where (Viv,g| is the N-string tree-amplitude [23] which may be written as [3,4]

1 N
V) ﬂl Y = Osoal
W /I{ (ovm) o Wit
exp [ Z "‘D"‘ "‘D’"'ln[V(Z) Vi) ] (IL2)
|<Jnm—0 Z=¥=0
exp ZZ\/—I: A,,[ ],D’"anVF(Z) ]
Li=1 n=0 Z=0

The loop-correction factor is

N
L=1]]e [ Z []' D’”‘N(V(Z),V(Y))

i,j=1 nm=0

|
Z=Y=0

The n and m run over both the integers and the half-integers with

[n] =

n for n integer
(II.4)

n— % for n half odd integer
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The A!’s are the oscillator operatars of the i’th string Hilbert space
Al =al [af,, al,] = nénima n,m=*1,+£2,...

) ) . 1 .3 (I1.5)
AL =9 [Yri¥m] =bnamo  mym=dki s,

with a} = v/2a'k;. The superprojective transformations are constrained by the condition (2.6).
In these formulze we used superspace notation; if Z = (2,8) and ¥ = (y,() are two points in
superspace then

Z-Y=z-y-8 (IL.6)

and D = % + B% is the superderivative satisfying the supersymmetry algebra D? = 3.

Just as in the bosonic case, the function A(Z,Y) appearing is in general quite complicated
[3,4], but for g = 1 a considerable simplification occurs. If we use overall superprojective invariance
to choose U = {00,0) and T = (0, 0) as the fixed points of the super Schottky-generator, for the

annulus

i n n n n 2
N{(Z,Y)=1n H(Z—q y—6q"" )y~ q"z — (8q ”)]+ 1 (hi) |

o zy(1-¢~)? 2lng \ y
=G(2,Y)-1n(Z - Y) (IL.7)
= Ga(e,9) - Ialx = 1) + 6Gp(2, ) + T

with ¢ = e?™7. The two possible spin structures correspond to the two signs one can choose for
¢*/? in the d = 10 superstring.

We may also choose Z, = U, Z, = T in dV,)., thereby obtaining the integration measure for
the Teichmiiller parameter of the annulus

dV _ dqg =z (Ij;r)d“ﬁ (l—q“‘ln)"" (IL8)

dvabc_qalz.&-z: 1_qn

n=1
and once again, we still have the freedom to fix one of the Koba-Nielsen variables to be z..

Saturating the /N-string vertex with /N massless-vector states, the contribution to the Euclidean

e () (&)
‘].jl: [/ dz;d0;dg:( DVF (0))*="*! exp [‘\/ﬁ@'ke _ ff%“

[Ier [a'k,-  kiG(Zi, Z;) + VIQ $jk; - ¢ ;D 7, G(Z:, Z5)
Foy

amplitude is

(IL9)

1
= g idsei-e; DL’;DZ,G(ZiyZ:‘):I
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where we have introduced auxiliary Grassmann variables ¢; which select the terms multi-linear in

the polarization vectors. In obtaining this amplitude we used the superconformal condition
DVP(2) = VF(2)DVF(Z) (II.10)

as well as M(2,Z) = DN(Z,Z) = 0 and (%] ,)* = 0. 7
By expanding the superfields, changing to the annulus variables v; and 7 and performing the
rescalings

8; — iv2xie™¥ 9, i — —iV2mie™Vi g, £; — 18, (II.11)

we obtain the form of the right-movers’ contribution to the amplitude (2.1) given in the text

ﬁ 1 — g2mi(n-1/2)r d-3 -2 d/2
1 — ed3minT ]nq

M= [arLmr
dv,
n=1

o N v Jm :d'k‘?
H /dvida"dqb,‘ (e +i GiTi)
=1

d; 2

: I k.o g | @M 4. i _'l"ﬂ'-'.._‘& .12
exp[me/Z?qb,k. £ (e d'(\/iﬁ 1€ c‘O,) :2)]] (IL.12)

[] exp [2a’k,~ -k;{(GB(vi;) ~ 0:0;Gp(vis))
i<i

+ V20 (Bigski - €5+ 6i8k; - €)Gp(wis) — ivVE(Bigik; - i — Oiiks - €5)C n(wij)
+ei - e;0:0,Gr{vij) + € - 559i¢60j¢j53(”55)]

where c;,d;,7; are free parameters in the superprojective transformation (2.3), G p(v;;) is defined
in eq. {I1.10) and G-’F(v,-j) = Zrim(.;'p(z;,zj). The rescaling of the 6; and ¢; by +/2ries™
is a simple way to include the Jacobian arising from the change of variables from the 2; to the
v; = In z;/2xi, while the factors of +{ arise from the choice of conventions used in the text. Note
that if we take the v; to depend on the 6;,; as in sect. 3 then we must include an extra factor of
iv/2rie'™i+1 arising from the rescaling (IT.11). (Of course, this factor is not important since we
can always absorb it into the ;.) An overall complex conjugation (not including the ic} as well as
a rotation to Minkowski space must be performed in order to obtain the formulae of the text for
the right-movers. Note also that the open string Green functions of the appendices are normalized
differently then the closed string Green functions of the text.
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From the general amplitude (II.9)we may, for example, easily calculate the two-gluon amplitude

dg dZydZaz. % (1— g3\ "? [ _ap\ . e
- [ SRR (L) (2) oworHow oy
(4

n=1

M

exp (2a'k1 - ke G(Z;, Zg)) [81 . s:Dz‘Dz,G(Zl, Z:)

' D*ViF(0) DV;f(0)
+ 2ax €1 k:&: . k1 (Wj)—z - DzlG(Zl,.Z;)) (W hae Dz,G(Z]_, Z,))]

(II.13)
The form of this amplitude corresponds to the right-mover contribution of the closed string ampli-

tude (9.1) before taking the v; to depend on the 8; and integrating over the 4,.

Appendix III. The KLT Formalism

In the text, we have presented the N-point massiess-vector amplitude (2.1) using the Kawai,
Lewellen and Tye (KLT) [12] formalism for internal Bardakci-Halpern [24] world-sheet fermions.
These internal fermion contributions require no modification for use in the off-shell amplitudes con-
sidered in this paper. In the KLT formalism, the boundary conditions for the complex world-sheet
fermions are represented by vectors W; = (l...l1|71...r10), where the {; component signifies
that the ith left-mover fermion picks up an exp(—2xl;} phase when going around the appropriate
(world-sheet space or time) closed loop. A model specified by a set of basis vectors W; is a consis-
tent string theory if it satisfies certain constraint equations, eqs. (3.33-35) of ref. [12]. The space
boundary-condition vectors specify the sectors, while the time boundary-condition vectors deter-
mine the generalized GSO projections that constrain the spectrum. The mass squared of a given
state is determined by adding the quanta of the fermionic world-sheet osciilators to the vacuum
energy with the usual left-right level-matching. Modular invariance requires that in calculating the
partition function (or scattering amplitudes) we sum over time- and space-boundary conditions,

with coefficients given in eq. (3.32) of ref. [12]. In the N-gluon amplitude (2.1) these coeflicients
are the Cg.

Appendix IV, One-loop Closed String Conventions

We define theta functions for general twisted boundary conditions by

ﬂ[a] (V"r) = Z em‘(n+a—1/2)’rezwi(n+a—1/3)(»—;3——1/2) (IV].)
ﬂ neZ
while the Dedekind 5 function is
71(1’) = gTiT/12 H (1 _ ezrinr) (N.2)
n=1
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The bosonic partition function is
i-d
Zp(r) = (n(rya(r)vimr) (IV.3)

where d is the number of spacetime dimensions.
We define Z,[5](7) to be the partition function for a single left-moving complex fermion with
[;] boundary conditions,

e_"i(llz—a)[l/"hﬂ)ﬂ{;] (0|r)
n(r)

2, [;] (r) = Tr [C:wiﬂ_rezﬁ(g-ﬁ)ﬁ.] _ (IV.4)

where the phase is present in order to be comsistent with the KLT definition {12]. It is really
irrelevant, and could be absorbed into the definitions of the summation coeflicients Cg.'.
Putting the pieces together, the complete partition function for the set of fermions with [g-]

boundary conditions is

lena;, lenag

#[fjor=2o0 T 2 2] T =5
= (wryatrWimT)

lem ag e-—lﬂ‘(l/?—am}(1/3+ﬂ55)0[;::} (0 I 1_) leﬁn e!ﬂ‘(l/i--am)(1/2+ﬁg.-);§[g::] (0 i 1,.)

i=1 n(r) i=1 a(r)
(IV.5)
The bosonic Green function is given by
1 1me 9 (5] (¥ 7)
Gp(v) = ~=ln|2ge - "Im¥)"/Imr_L02 4 '~ (IV.6)
d ¥ (3] (0t7)

In a slight abuse of notation, we write the correlation function for right-movers 3 Gg(7) although
in fact it is equal to m.

A dotted variable, for our purposes, will always be taken to signify differentiation with respect
to ¥, so that
imv 1 ¥[3] (7] -7)
Imr  2rd[]] (7| - 7)

G.B(F) = (W.?)

The fermionic particle correlation function G p[;](v) and anti-particle correlation function
GF[S](u) are defined as follows (excluding the case a = 8 = 0):

3[5] (vir)¥[3] (0] 7)
229 (%] (w1 7)9[3] (01 7) (v.9)

S R [

offo-
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where the last equality derives from a theta function identity.

Under v =1 +1,
Zp(7) — Zp(7)

S
Gs(v) > Gp(v) (IV.9)
Gs(7) - Gp(7)

oofglor-ey? o

and under  — —1/71,
Zg(r) — Zp(7)

P4 [“](f) - ezﬁ(::—l/:l)(ﬁ—l/i‘)zl[ 130]

B3
Ga(v) — Ga(v) + % (IV.10)

&a(7) ~ (-)Ea()
Gel |0~ (=nae] £ J
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